A canonical Lorentz invariant field theory extension of collective field theory of d = 1 matrix models is presented. We show that the low density, discrete, sector of collective field theory includes single eigenvalue Euclidean instantons which tunnel between different vacua of the extended theory. These "stringy" instantons induce non-perturbative effective operators of strength e −1/g . The relationship of the world sheet description of string theory and Liouville theory to the effective space-time theory is explained.
features of non-perturbative behaviour in 1 + 1 dimensional string theories, as we do in this letter, one may learn about more realistic 4-dimensional string theories.
Large order growth of perturbative amplitudes is a common feature of matrix models and more complicated string theories [4] . For a review of large order behaviour of matrix model amplitudes see ref. [5] . All matrix models, as well as the critical bosonic string theory in 26 dimensions, exhibit a strange phenomenon. The magnitude of G'th order amplitudes in perturbation theory grow like (2G)!.
In the same way as G! behaviour corresponds to well understood e − 1 g 2 non-perturbative effects in quantum field theory, in matrix models the large order (2G)! behaviour would correspond to peculiar non-perturbative effects of strength e − 1 g . How do these peculiar effects arise? It turns out that in matrix models, there is a new type of instanton, involving a single eigenvalue, that is responsible for these effects. For a discussion of one eigenvalue instantons see [4] , [5] . They were also discussed in ref. [6] and in the context of supersymmetric matrix models in refs. [7] and [8] . We show that in matrix models, the associated effective field theory action does not obey the usual field theoretic scaling argument, S(φ, g) = 1 g 2 S( φ). Instead, one finds that g cannot be completely scaled out of S due to "scale breaking terms". That is S(φ, g) = In this letter we discuss the high and low density limits of collective field theory. We show that, in Euclidean space, there is a single eigenvalue instanton solution of the equations of motion which has action π g . We then extend the collective field theory, which is a noncanonical, non-Lorentz invariant theory of a single field φ, to a canonical, Lorentz invariant effective field theory of two fields ζ and D. This theory exhibits the scale breaking terms responsible for the unusual action, S ∼ 1 g , of the instantons. We show that the vacuum solutions of the effective field theory includes wormhole-like configurations. These configurations look like two identical Liouville vacua linked by a single eigenvalue instanton.
The normalized action of these configurations is S = π g . We then show that these configurations induce calculable operators in the ζ, D effective theory with strength e − π g , as conjectured by Shenker. We also review and explain the relationship of these double scaled matrix models to 1 + 1 dimensional string theories, and argue that these string theories must include the new vacuum configurations, single eigenvalue instantons, and induced operators of strength e − π g . An extended and detailed discussion of all the issues in this letter and more can be found in [9] . A useful step on the road from the matrix model to string theory is collective field theory [2] . Relevant references are [10]- [12] . The idea is to start from the matrix model and, by performing a series of changes of variables, arrive at a field theory representation of the matrix model. The collective field is φ(x, t) = i δ(x − λ i (t)) where λ i , i = 1, ..., N are the eigenvalues of the matrix. The partition function in terms of the collective field is
Here contact terms are omitted. Note the appearance of the factor detΩ − 1 2 which comes from doing the Gaussian integral over the conjugate momentum Π φ . The eigenvalues λ i are independent variables, However, for finite N the collective field φ(x, t) is highly constrained. It does not correspond to an infinite number of degrees of freedom. Hence, the φ equation of motion is not obtained by varying the action with respect to φ. The correct procedure is the following. Start with the equations of motion for the eigenvalues, then by using the relation between φ and λ i convert them to an equation for φ. The result is ∂ ∂y
Note that there are N equations of motion since y must be evaluated at λ j for all j = 
where the index i now runs over i = 1, ..., N → ∞.
The high density (HD) limit of collective field theory is defined as follows. Consider a region of x, denoted I, of length l(I). The number of eigenvalues in this region is N (I). . However,
becomes large exactly where the classical solution φ 0 becomes small, which is where the HD expansion breaks down. The field theory becomes strongly coupled or in other words the semi-classical expansion breaks down. What happens if this fact is ignored? Perturbation series takes its revenge by growing too fast. In fact, the G'th order in perturbation expansion grows like (2G)!. We take the HD region to be the region in x space where the static solution φ 0 is defined; that is |x| ≥ In this letter, we are particularly concerned with LD regions containing a single eigenvalue, λ * , in Euclidean space. Going to Euclidean time, θ, and using the relation φ(x, θ) = δ(x − λ * (θ)) the equation of motion (including the contact terms) simply becomes
The general solution of this equation is given by λ * (θ) = A * cosθ + B * sinθ where A * and B * are real constants. The Euclidean LD region is taken to be −
As an example consider the collective field corresponding to a single eigenvalue λ * with the boundary conditions λ
The corresponding collective field configuration is
This is an instanton that corresponds to tunneling of one eigenvalue across the barrier from
Note that the classical solution in Eq. (4) is not a solution of the Euclidean continuation of the unconstrained field theory equations of motion.
The action of the instanton φ inst can be computed from the Euclidean continuation of (1).
The result is
in agreement with the large order behavior of the perturbation series in g.
We begin the discussion of the effective field theory in the HD region x ≥ 1 g . The first step is to shift the double scaled collective field φ by the classical static solution φ 0 , φ =
To obtain a canonical kinetic term for the field ζ, change coordinates to the Liouville coordinate defined by τ −τ
For simplicity, we take x 0 = 1 g and τ
). and the range of the two coordinates is
). Rewritten in terms
given by
and the pure φ 0 Lagrangian, L 0 , turns into L 0 = dτ 
The resulting Lagrangian is
We now describe a field theory that reduces to the collective field theory in the region
when the various fields obtain their expectation values. The idea was discussed for µ = 0 in [13] . We note that the ζ theory is not Lorentz invariant. Our interpretation is that this is really a Lorentz invariant field theory of two fields, ζ and D, expanded around the vacuum expectation values of the two fields. The new field D has a vacuum expectation value that breaks Lorentz invariance, and that is the reason that the ζ theory alone is not Lorentz invariant.
To find out the background independent field theory we have to identify the expectation value of the ζ and D fields first. Motivated by the comparison between collective field theory and the Polyakov description of the related string theory we postulate that
Here we added the expectation value of the metric as well. Note that the field D has the non-translation invariant vacuum expectation value.
We list the background independent form of the different quantities. π
, ∂ τ ζ → ∇ζ · ∇ζ
(∇ζ · ∇D)
Note that ζ has only derivative couplings and therefore the action (9) is invariant under a shift symmetry ζ → ζ + const. Since space-time is flat in this case we ignore curvature terms in the action. Higher derivative terms like (∇D · ∇D) 2 cannot be ruled out at this
point. In what follows we treat the above Lagrangian as if it were the exact Lagrangian.
It is straight forward to verify that indeed the field configurations in Eq. (8) is an exact solution of the equations of motion.
It is important to note that all interaction terms in (9) are proportional to g(
2 and, therefore g(D) is the effective coupling parameter of the theory. The general solution of the equations of motion is given by
where a, b, c,t andτ are real parameters, b 2 − a 2 = 4 and c,t,τ are arbitrary.
There is an interesting vacuum structure which is the combination of two solutions. That is, take < ζ >= The physical interpretation of this vacuum state is the following. In regions I and III, away from the boundary points, the effective coupling parameter is small and physics is described by the effective field theory (9) . As τ approaches ln If all we knew was the effective field theory, then we would have no interpretation of physics in region II. However, comparing the vacuum of Figure 1 to the matrix model solution, we know exactly how to describe physics in region II. Physics in that region is described by the low density collective field theory.
The action for Euclidean space-time effective field theory is easily obtained from Eq. (9) by analytic continuation of the time variable t to Euclidean time θ. We do not write it down explicitly. The effective coupling parameter and the static solutions of the Euclidean equation of motion are still given by the Euclidean continuation of the same expressions as before. It follows that in Euclidean space, the vacuum structure Figure 1 is valid. Region II is now described by the analytic continuation of the low density collective field theory to Euclidean space. There is now a non-trivial excitation of one eigenvalue in region II that connects the vacua of region I and region III. This single eigenvalue excitation in Euclidean space was constructed previously, and presented in terms of the collective field theory in Eq. (4) . Rewriting this solution in the τ coordinate, we find
This is an instanton which corresponds to the tunneling of a single eigenvalue across the barrier from τ = ln In terms of ζ the instanton is given by ζ inst (τ, θ) = Θ τ − [ln We want to stress that this configuration is not a solution of the D, ζ effective field theory.
We have not included explicitly the terms in the field theory that correspond to self energy subtraction. However once they are taken into account, the instanton configuration has a finite action π g , as shown in Eq.(5). Finally, we note that the initial tunneling time of the instanton, θ 0 is arbitrary.
We integrate over the instantons and represent their effects as effective terms in the D,ζ theory. Since ζ is the light field we restrict our attention to ζ operators. The effective operators are especially important. They provide the bridge between the low density, discrete, sector of the theory and the continuous sector. A more detailed analysis is given in [9] .
The instanton has three parameters,τ , θ 0 and α. The parametersτ and θ 0 were defined in Eqs. (10) and (11) . The parameter α is related to the parameter a in the Euclidean space continuation of Eq.(10), a = 2 sin α. Changing α results in the rotation of the vacuum solution in τ − θ space. There are three zero modes corresponding to the three broken generators of the Euclidean group associated withτ , θ 0 , α. These have to be integrated and produce a volume factor V ol ∝ dτ dθ 0 dα. The dilute gas summation over instantons induces effective terms in the D,ζ Lagrangian.
The most general action induced by instantons is ∆S = dτ dθ{ n C n O n (τ, θ)}, where O n are local operators built from D and ζ and their derivatives. The coefficients C n can be computed by expanding the action around the instanton background. All the coefficients C n are proportional to the universal factor of the exponent of the instanton action and the remaining factor depends on the particular operator that is considered. Since the "size" of the instanton is √ g, the dimension of the operator determines the g dependence of C n .
That is
where
2 − 1 andC n is a numerical coefficient. The coefficientC n is not expected to be particularly large or particularly small.
We are interested in large Let us now discuss the relation of the effective field theory (9) to string theory. The class of 1 + 1 dimensional string theories that we are interested in is described by the following two dimensional σ-model [14] ,
whereĝ αβ is the fixed world sheet metric with Euclidean signature andR is the corresponding Ricci scalar. The sigma model field X µ stands for two scalar fields, X 0 (z), and X 1 (z).
The field G µν (X) is the target space metric, assumed here to have Euclidean signature, D(X) is the dilaton, and T (X) is the tachyon. Consistent string backgrounds are described by conformal field theories. The conditions for conformal invariance are determined in general by the equations β = 0. The lowest order equations for the theory described by Eq. (14) are
We can compare Eqs. (15) to the lowest order (in g(D)) equations of motion derived from (9) . From this comparison we deduce that, to this order, the field D appearing in (9) is the same as the dilaton D in (14) and that the field ζ in (9) is related to the tachyon,
This result that we obtained is rather remarkable. It says that the equations of motion of the background fields for the class of string theories specified by the action (14) are, to lowest order, identical to the equations of motion of the effective field theory extension of matrix models. Can we extend this identification beyond lowest order? To do this, let us consider the solutions of the equations of motion (15) . The flat space solutions
By substituting this static solution into the sigma model (14) and writing X 1 = ϕ, the following world sheet conformal field theory is obtained
which can be identified as the Liouville conformal field theory with c m = 1 matter. To obtain a Minkowski signature string theory one has to analytically continue X 0 → it (z), which then becomes the time variable of target space. The field ϕ corresponds to the spatial dimension of target space.
Liouville theory (16) was compared to matrix models and to collective field theory. Specifically, the complete theory, beyond the lowest order was studied. The conclusion is that they describe of the same theory. Evidence to this effect was obtained on many levels e.g., see [15] - [20] . For a review and more comprehensive list of references see ref. [19] . In particular, the relation between ζ and T as well as the linear relation between ϕ and τ have been well documented.
More important, from our point of view, is that, by computing scattering amplitudes of fluctuations around the Liouville vacuum, one can determine the equations of the original string backgrounds D and T beyond the lowest order. When these are compared to the full equations of motion derived from Eq.(9), one finds that they are identical, as long as the two D fields are identified, ζ = T e −D holds and the parameter m in is chosen to be m = 1 g . We conclude, therefore, that the string theories associated with the world sheet action (14) have the same equations of motion and effective action for their background fields as does the effective field theory for the matrix model given in Eq. (9) . Furthermore, even the low density region of the matrix model discussed earlier is expected to to describe physical aspects of these string theories, such as their non-perturbative behaviour. It follows that the discussion of vacua, single eigenvalue instantons and induced operators given in the previous section is, in fact, applicable to the string theories associated with (14) . The instanton in Eq.(11) is therefore a "stringy" instanton.
It is tempting to conjecture that stringy instantons similar to our stringy instantons appear in 4 dimensional superstring theories and that they induce non-perturbative operators of the type discussed previously. In that case these operators are expected to be proportional to the universal factor e − √ S , where S is a complex field that naturally appears in the effective low energy supergravity field theory obtained from superstring theory. The dilaton is related to the real part of S, < ReS >∼ 1 g 2 . Note that the non-perturbative effects considered previously in the literature induced operators that were proportional to the universal factor e −S . Since the coupling parameter g is expected to be small, the difference be- 
